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SIMPLIFYING PARTIAL DIFFERENTIAL

EQUATIONS BY FEEDBACK

ABSTRACT

Given a partial differential equation, analysts often ask for
conditions under which the equation takes a simplified form. For example,
we consider coordinate changes that make the highest order part constant
coefficient or Lie transformations that reduce the number of variables.
However, if we view a partial differential equation as an input-output
system, then the prospect of a simplifying feedback arises.

For systems of nonlinear control ordinary differential equations. much
research and many applications have unfolded concerning the feedback
equivalence with controllable linear systems. In a sense the well
understood linear control system is an ideal model that we use for design.
We consider second order linear partial differential equations with
variable coefficients and propose for the parallel to the linear control
system equations due to Kolmogorov. In these equations the second order
spatial part is constant coefficient and the first order spatial part has
1igear1y varying coefficients. We then examine the problem of feedback

equivalence after introducing an interesting type of feedback.

Keywords: partial differential equations, partial differential operators,

feedback, transformations, canonical forms.




SIMPLIFYING PARTIAL DIFFERENTIAL

EQUATIONS BY FEEDBACK

L.R. Hunt arnd Ramiro Villarreal

I. Introduction

We consider partial differential equations of the forms

(1) -2 3 A (%) 662“ v 3 OB.(x) 24 C(xu = f
jok=1 J %% g=1 '
3%u n d%u n du

(2) ~5= + I A (x) + 3 B.(x) == + C(x)u = f.
dt j. k=1 Jjk axjaxk =1 j Ox

where the coefficients are Cco functions and f is the input. Studies of
canonical coordinates in p.d.e’s involve necessary and sufficient
conditions that coordinate changes exist for (XI’XZ ..... xn) to transform
the coefficients of the second order terms to constants (see [G], [CH].
[C]. [F]). We shall expand our transfofmations to include appropriate
feedback operations and ask for (local) transformations that move (1} and

(2) to

(3)‘%2“ 3 2 ) aya;u * ;bky‘ gu—=;
t jok=1 J Mk jk=1 JRTT 9y
2 n 2 n
d%u d“u du -
(4) - <4 4 3 a6 ¢+ 03 by, B 7
gt jk=1 K O vy k=1 K TI 9



respectively, where (yl,y2....,yn) are the new spatial variables, the

~

ajk and bjk are constants, and f and f denote new inputs. We

restrict our attention to the case that the matrices (Ajk(x)) in (1)
and (2) and A = (ajk) in (3) and (4) are symmetric, positive
semidefinite, and have constant rank m. We also require that if B = (bjk)
in (3) and (4), then the matrix (A,BA,B?A,..., B™ 1A) has rank n.

For the problems of interest we need only examine the spatial partial

differential equations

n n
(5) ; i . k(x) axJaxk i (x) 6 + C(x)u =
n n
d%u du_ ¢
(6) S a, =2 _ 4+ 3 =
j.k=1 Jk ayjayk j.k=1 Jk h] ayk

where (Ajk(x))' A= (ajk) and B = (bjk) are as above. We seek
necessary and sufficient conditions to transform (in some proper sense)
equation (5) to equation (6). If C(x) = O and only nonsingular
coordinates changes on R" are allowed, the results are known [HV]. We
introduce a feedback operation to enrich our transformations. This
‘parallels work on moving nonlinear control systems of ordinary differential
‘equations to controllable linear systems by feedback transformations [MC1],
[MC2], [B]. [JR]. [S]. [S1]. [HSM]. [HS]. [KIR], [SH]. Applications of
these o.d.e. theories are numerous [MC1], [MC2], [BMHS], [SM2], [W1]., [WM],
(M]. [MsH]. [TBIC]. [D1]. [D2]. [HH]. [FKD]. [KC]. [AE]. [K1]. [SMPT].

The main thrust of this paper is to examine transformations of the

p.d.e. (5) to the p.d.e. (6). However, we also show that equation (6) is

to p.d.e.’s as the linear system
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(7 = By + Av

is to o.d.e. control systems. Here the usual rolls of A and B in
linear systems have been interchanged to fit our previously introduced
notation, and v is an m dimensional control vector. Section 2 of this
paper contains the linear theory discussion and an introduction to our
linear feedback. Section 3 involves definitions and conditions under which
equation (5) transforms to equation (6). In section 4 we discuss the
special case of elliptic equations and examine the possibility of finite
difference and finite element implementations if there are a finite number

of point sensors and actuators.

II. Linear Systems and Feedback
We develop a parallel viewpoint for linear control p.d.e.’s like (6)
that classical textbooks take for linear controllable o.d.e. systems.

Consider
(8) y = By + Av,

where y e R, v=(v1. v ..vm). B is nxn, and A is nxm with rank

90

m. If the system is controllable (i.e. the matrix (A.BA,BZA,....BH—1

A)
has rank n, then linear feedback v = Ky can be used so that the
eigenvalues of § = (B+AK)y are arbitraily placed with complex conjugates
in pairs.

For the partial differential equation (6)




n

n

8%u du =

2 a, w5 —+ 3 b, vyv.5—=1f1
jk=1 IK OO gy 3K TI Oy

we can write (see Hormander [H])

m —

2 =

(9) jzl Yj u + You = f,
where Yl'Y2""'Ym are linearly independent constant coefficient first

order partial differential operators (vector fields) and YO is a linearly

n
. . ad . . .
varying vector field [YO = 3 lbjkyj 5—;}. The partial differential

equation (6) (or (1) if time is included) is called an equation of

Kolmogorov_tvpe or Kolmogorov equation if it satisfies the hypoellipticity

condition mentioned below.

Hormander indicates that our equation (5) can be written in the form

m =
(10) = Xu+Xu + C(x)u = f,
j 0
j=1
yhere XO’ Xl. X2, e Xm are vector fields with Xl' X2,..., Xm being

R

linearly independent. He then derives necessary and sufficient conditions
that equation (10) be hypoelliptic (i.e. C right hand side f implies
c’ solution). For equation (6) these conditions for hypoellipticity is
that the matrix (A.BA.BZA,....B° 'A) has rank n.

Our problem of transforming equation (5) to equation {6) can be
interpreted in terms of transforming (10) to (9). under the proper

assumptions of hypoellipticity for all equations.



First we restrict our attention to the linear system (6). We want to
derive canonical forms where the transformations considered involve

. . . n . .
nonsingular linear coordinate changes on R and appropriate linear

feedback. Our linear feedback takes the form
m
(11) f= 3 kij.u.

where each kj is Ixn matrix of real constants. This means we can
feedback a sum of terms involving a linear combination of y variables
times a vector field applied to the solution u. Each Yj must be one of
the vector fields forming the principal part of the operator. This type of
feedback does not disturb the principal symbol or the hypoelliptic
assumption. We prove that such a feedback can arbitrarily place the
eigenvalues of the B matrix in (6). An example is provided after the
proof.

Theorem 2.1. Consider the partial differential equation (6)

n n

d%u du =
5 a, 94 __ . s p_ y M _F
jk=1 K W JKTT 9

which can also be described by (9)

m _
2 =
a 331 Yj u + You = f.

Assume that the matrix (A,BA.B?A,....B" !A) has rank n, where A = (a,)
and B = (bjk)' Then the eigenvalues of the B matrix can be arbitrarily
placed (with complex eigenvalues in conjugate pairs) by linear feedback.
Proof. We assume that the corresponding linear ordinary differential

equation control system (8)

&:By‘f'AV




has Kronecker indices K4 2 Ko 2 ..

form. In these same coordinates B

.2 Ko and is in controllable canonical

takes the form

010+ +-0(00- - 0 0 . 0
0010+« +-0{00+ - 0 00 = 0
* L] L ] L] » * - L ] - L ] - L] * rK'l
X W% % o o o % % M o o o I}
00+« - o« 0010+ « <0 00 - - ¢)
00 « ¢ » 0j0010 +« +0 00« - 0
* - * L] - . - L ] - L ] . * * * K
{ 2
(12) i A .1 L RN % o o o 3%
00 - - 0100 « - 0 010+ - <0
00 « - 0|00 « o 0 0010+ -0
n
* L d L ] * - L J L] - * * L] K
m
M ¥ o o o W % o o o 2 * % o o o x|
) 3 a3 m-1 ] 3
and Yy =g Yy =dy gt g e Y= 3 dg— 450
K K i=1 K K
1 1 2 i m
where d21.°'°, dml,...' dm.m—l are real constants.
Suppose we have an arbitrary nth degree polynomial sn+alsn_1 + et

a having real coefficients. For




gt
1]
I M3

k.yY.u
j J
we choose kl'k2 ..... km to drive B to rational canonical form having
last row [—an a g ot —al]. The desired eigenvalue placement is now
accomplished. o

Given a Kolmogorov equation (6) we have the associated controllable

linear system & = By + Av. The Kronecker indices KoKgueouakn of
§ = By + Av give us the Kolmogorov indices [HV]. denoted by 81. 82,

em of the Kolmogorov equation. These can be computed directly from (6)

using the matrices A and B. We have £ 6 > ¢

1 2 *re 2 em and 81 + £

2 2

ses + ¢ =n.
m

Example 2.1 Consider the hypoelliptic control partial differential

equation in R?

2 d%u 2 du -
(13) 3 a, 94 __, 3 p y. W _7
jk=1 9K O gy Tk TS Oy

where the symmetric, positive semidefinite matrix A = (ajk) has rank 1.
We want to use coordinate changes and linear feedback so that (13) becomes

2 -
(14) u_, , - f.
2
95 9y,

Here ¥y and Y5 are our new coordinates and f our new input.

The associated differential equation

2
(15) _Gu_ + d“u du

+y2 = f
at ay; dy

1

+




2

was shown by Kolmogorov [K2] and Weber [W2] to have fundamental solution

2T e [ Upad® g v 2‘1Lt—_1m;tm}i]
w(t-1) 4(t-T) )

(t-1)2

(16)

The vector field version of (13) is

(17) Yi +Y

0" f.

We assume that coordinate changes have been made so that Y1 = [O] and

1
Y, = [0 1 ] [il]. vhere the characteristic polynomial of B is s?
0 -B, -B
2 1 2
Bis + By
Adding [B, B,] Y1l Y, [i.e B,y 2 . B,y 9 to both sides of
2 "1 9 1077 7271 ayl 172 6y2

(17) and replacing f + [B, B Y1ly by f, we have the partial
271 5 1

differential equation (14)

d%u Su
> + y2 — =
%5 9y

= |

+

The diffusion equation (15) of Fokker-Planck type with zero right hand

side is satisfied by a probability density of a system with 2 degrees of
freedom. The hypoellipticity results of Hormander are used by Elliott
[(E1]. [E2] to prove smoothness for certain probability density functions.

We consider the effect of feedback of the form (11) on the partial

differential equation (6). Following the arguments in [H] we take Fourier

transforms with § = (§1.§2,....§n) being the transform variables. Then

~

(with u and f denoting the respective transforms of u and f) we find

~10-




~

~ du ~
_A(§,§)u - E 1ka§k a—EJ- = f.

This is a first order partial differential equation that can be solved by
the method of characteristics for given noncharacteristic initial
conditions. The characteristic curves are determined by (B' denotes B

transpose)

~

and u must satisfy

du Z
3 ° A(E.E) - f.

Here T denotes the parameter along the characteristic curves,

Hence the linear feedback in which the B matrix is altered simply
changes the characteristic curves used in solving for :\ On examining
H;rmander's work [H], there is a quadratic form whose positive definite
matrix is the controllability matrix of the associated linear system 3'( =
By + Av.

II1. Simplifying Coefficients

We now study the problem of moving the partial differential equation

(5)
n 32u n du_
> (x) —— + 2 B_(x) + C(x)u =
k=1 Jk axc'ixk j=1 J .
. -1 ,
to the hypoelliptic (rank (A.BA,B*A,... B "A)=n) Kolmogorov equation (6)

-11-
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3 a, Lu 3 y o5
j.k=1 Jk ayjayk j.k=1 Jk 7§ 9y

Again the matrices A = (ajk) and (Ajk(x)) are assumed to be symmetric,

positive semidefinite, and have constant rank m. In Hormander’'s vector

field notation we must transform (10)

m 2
jflxju +Xou + C(x)u = f,

to the hypoelliptic equation (9)

where both sets {Xl,X2. e ,Xm} and (YI'Y2' - ,Ym} are linearly
independent.
A few necessary definitions are in order.

If X and Y are C_ vector fields on R". then the Lie bracket of X and Y is

ay
[X.Y]——‘a;x+

SE
a

where g—)Y( and gé are Jacobian matrices, x being the variable for R".

Successive Lie brackets such as [X,[X,Y] ] [Y. [X.Y] ] “X [X.Y] ]Y]

etc. can be taken. A standard notation is

-12-




(ad®X.Y) = Y

(ad'X.Y) = [X.Y]

(ad®X.Y) = [X.[X,Y]]

(ad¥X.Y) = [X.(add"1X.Y)]
We let <+,+> denote the dual product of one forms and vector fields.

(¢4
Given a C function h on R" we define the Lie derivative of h with respect

to the vector field X as

Lxh = <{dh,f>.

Successive Lie derivatives are

+
]
=

g
It
L

Moreover, the Lie derivative of the one form dh with respect to X is

Ly(dh) = [ﬂ@ﬁx]* + (e

dx

71

where % denotes transpose.
The three types of Lie derivatives satisfy the formula

(18) Ly<dh,Y> = <L,(dh),Y> - <dh,[X.YD>.

We begin our discussion with an example.

Example 3.1. Consider the partial differential equation

-13-




2 (a2 2 2 2 2 2
x6u+6u+26u + 32%u +6u +6u
3 3X2 Ix,0x Ix.,0x Ix2

1773 273 3

(20) X1+XO=’F' where
[ 212 2 213 293711 )
[xl"%] +[x2—§%]+x3[xl—§§-] + x2—}—(-%]] ['XB
X X3 x2)° x2)?
0 = |Xgtsinixg - 2]+x3 [x1—2 +[X2‘2] and X, =|x4
2 3 )—C-ia
[*1 7 2 ]*["2'2] J |
The coordinate change
2
= - X3
1% 73
2
= - X
(21) So = X, - 5
53=X3
yields
2 "~
(22) Sl+so=f.

-14-




where S

i.e. we have the partial differential equation

2 ~
(23)6u+s+52 a—u—-+s+sins Ny ls2 4 82 Qu__§
ds2 2 1 ds 3 2 ds 1 2 Js

3 ! 2 3
The coordinate change
Y1 =5
— 2
(24) Yo = 8o + 5§
_ 3 2
Yy = Sy + sin So + 251 [82 + sl]
gives
2 ~s
(25) Y1 + YO = f, where
Yo
3 2 —2 2
y1"{3'2 yl] +[°°s [-Vz y 1]] [3'3*23’ 13'2]*23'2*23’ 193
0
and Y. = |0].
S P

Thus we obtain the partial differential equation

(27)

2
Fu,y o, o,
2
9y3 9y, 9y,

3 du
a —_—y2 —_y2 2 -
[y1+[y2 yl] +[°°s [3'2 yl]] [y3+2y1y2]+2y2+2y1y3]ay.1

Replacing f - {term involving guy-——} by f we have
3

_15_

= ¥,




2 -
i U TR S §
2
ay3 ay1 ay2

(28)

We compute interesting Lie brackets of the vector fields S0 and S1

from equation (22). The Lie brackets

0 0 1
Sl = |0 [SO'Sl] = |~1}, and [SO’[SO’Sl]] = cog S
1 1 352

span R® near the origin. Moreover

(S [So-5,11.8,1 = 0. [[8,.5,1.5,1=0 and

0
[[so,[so,sl]].[so.sl]] = [ggs So }
2

This last Lie bracket is in the span of S1 and [SO’Sl]'
Similar Lie bracket relations hold if we compute in the original Xq+Xg 0 Xg

coordinates since Lie brackets are preserved under coordinate

‘transformations.

We examine equation (10)

m =2

2 Xu +Xu + C(x)u = f,
=14 0

and replace f - C(x)u by f to obtain

-16-




m 2 ~
(29) 2 Xu +Xqu = f,
j=1

Taking equation (10) to the Kolmogorov equation {9) is now identical to
moving equation (29) to equation (9).

Definition 3.1. A feedback transformation on the second order partial

differential equation (29) consists of

i) nonsingular coordinate changes on Rn(taking the origin to

the origin)

m
ii) replacing f - I a, (x)X u by f, where the aj(x) are
j=1

smooth functions.
We remark that ii) allows the feedback of linear combinations of
vector fields Xl' X2.....Xm applied to u. The principal symbol and
hypoellipticity of equation (29) are invariant under a feedback

transformation.

Definition 3.2. Two second order partial differential equations of the

form (10) (or (29)) are feedback equivalent if there is a feedback

transformation taking one to the other.
For our hypoelliptic Kolmogorov equation (9) we assume Kolmogorov

indices el 2 82 2 .. 2 em. With respect to equation (29) we define the

following sets of vector fields. Let

— 2,-1 .
W = {xl.[xo.xlj,...,(ad XO.XI).X2.[XO.X2],....

£,-1 em—l

2
(ad XO’XZ)""‘xm’[xO'Xm]""'(ad XO.Xm)},
i-1 i-1, o
Wi = {Xl,[XO,XIJ,...,(ad XO 1) X [XO 2J,....(ad XO,X2),
-1

..Xm.[XO.Xm].....(ad XO.Xm)}, i=1,2, 1—1

WO = {0}.

-17-



We now state and prove our main result and remark that our feedback
equivalence is local (in a neighborhood of the origin).

Theorem 3.1. The linear second order partial differential equation {(29)

with XO(O) = 0, is feedback equivalent to the Kolmogorov partial

differential equation (9)

having Kolmogorov indices el 2 82 2 ... 2 em if and only if

1) the vector fields in W are linearly independent and span

Wi = span winw, i=1.2.....21—1, and

2) for each i=1,2,...,8 -1, the Lie bracket of any two vector fields

1

in Wi is a linear combination of vector fields in W. ¢

Proof. The proof for a general m is a straightforward generalization of

the proof for m = 2, so we consider this case only. Then

e‘_l “1

W= {Xl.[XO.Xl]....,(ad Xo X)) Xg [Xg. Xo1. .- .. (ad®2 xO,xz)}

and we set k = el - 82. We begin by assuming conditions 1) and 2).
We first apply a nonsingular change of coordinates that is standard

for transformation theory of nonlinear ordinary differential equations

-18-




control systems [JR],[HSM],[SH].[K3].

Solve in order the system of ordinary differential equations with the

initial conditions

indicated:

dx 8,

E = (ad 1 XO,XI). X(0.0 ..... O) = O

.__:lx = ei— —

d52 = (ad XO'XI)' x(sl.0,0.....O) = x(sl)

dx - 82_1 -
a§k+1 = (ad XO’XI)' x(sl.s2 ..... sk.O 0,...,0) = x(s1
& _ ¢>-1 _
as, o " (ad Xy X5) x(sl.sz....,sk+1,0.0.....0) = x(s
dx - ez—

—dsk+3 = (ad 2X0'X1)' x(sl.sz. +Sp40 0,0,..., 0) = x(s
dx  _ 9%

ds,,, - (847 XoXp)e x(spsy....05,3.0.0.....0) = x(s
dx‘

dsn_l = Xl. x(sl’s2""’sn-2'0 0,) = x(sl’s2' 'Sn—2)

dx

dsn = X2, x(sl,s2,...,sn_1.0) = x(sl,s2,...,sn_1)

Since the set W of vector fields spans

determine our new coordinates s.,s.... .S for R .

1'72°°°"""n

We define manifolds

S

-19-

Rn. we can locally invert to




. (ad32"2x0.x2)
(32)

82_1
(ad XO.X2) S

(ade‘—2X0.X2) =

From assumption 1)

(30) and (32) we obtain

d 14 —2X g
= . (ad 2 .x ) = .
ask+4 0'"1 Sk+3 ask+3
ad 2,-1 J
= . (ad 2 X ,X ) = TR e e e
95149 e T
ad é,-1 ’5)
7— (ad™* "X .X.) = o
652 0'"1 S1 651

on W and our choice of coordinates as noted in

Xo1 Sp * Xo1(s)

Xo2 S3 * Xpols)

Xok Ser1 * Xoi(s)

Xok+1 Sk+3 ¥ Xoe1 ()

Xok+2 Seea * Xopaa(s)
(33) X5 = Xoke3 Sees * Xoke3(s)

Xon-3 n-1 * Xon-3(3)

XOn—2 s, * XOn—2(S)

Xon-1 Xon-1(5)

FOn J Fon(s)
Here XOI(s). XOZ(S)""'ka—l(s) are not linear in SgeS3s - -sS . and
ka(s)'ka+1(s)""'XOn(s) are not linear in
52'53""'sk+1'sk+3'sk+4"'"sn‘ Equation (33) can also be derived by

simply considering the linear part of XO in the s coordinates.

-20-




From assumption 2)

This together with X1 S =2 imply X1 =

n-1 asn—l

Since the Lie brackets of vector fields in

3
{

xl'[XO'X1]'X2'[X0'x2]}

1 XI’XZ , and (at the origin)

o
-
o
de
=}
E ]
]

%X

[[Xy-X5]-Xg] = 220
ds
n
62XO
[[Xg-%X11)-X5] = 5535
n-1""n
62XO
[(X5-X51.%11 = 5555
n n-l
62x0
[[XO'X1]’X1] = 2
ds
n-1

we find that XOI(S)' XOZ(S)""'XOn—2(S) in (33) bhave no terms

SZ

n—l'sn—l n, n

Since the Lie brackets of vector fields in

_21_.

s_ s2 in their formal power series expansion about O.

containing



=
!

Xl.[XO.Xl].X2.[XO.X2].(adZXO,Xl).(ad2X0.X2)}

are in W Xl'[XO'Xl]’XQ'[XO’XZJ} and (at the origin)

\V)
|

62XO
2 _—————
[(ad™4.X5) . X501 = 55—
n-2""n
62X0
2 -
[(ad®™4.X5). %] = 55—
n-2 " "n-1
azxo
2 — ——————
[(ad™4.X1).X5] = 5535
n-3 " "n
62XO
2  —————————
[(ad®)X4.X1). %11 = 55— =5
n-3 "n-1
32Xo
2 —_
[(2d®Xy.X,). [X5.X,1] = 3z,
azxo
2 -
[(ad™%6.X5). (XX, 1] = 55— 55
n-2 n-3
62X0
2 = —
[(ad™5.X,). [Xp- X511 = 5535
n-3°  n-2
62XO
2 —_
[(ad XO'XI)'[XO'xl]] = 5T
n-3
we find that XOl(s)' XO2(S)""'XOn—4(s) have no terms containing

-929-



2 2 . -

S .S s .S s .8 s ,S .S s .S S in their formal power
n-3'"n-3"n-2""n-3’n-1""n-3 n""n-2'""n-2"n-1'""n-2"n p
series expansions about O.

Continuing in this manner we find that the vector field XO from (33)

becomes (with the definitions of XO being obvious)

2 * Xop (s9)

.

S

s3 + Xgg (31:55)

n
+

kel ¥ Xok(S1:S9r - -8)) * o L oSLo

n
+

k+3 ¥ Xoke1 (108908 108 0) * Ck+1,k+25k+2
(34) Xo = |s

+

kea T Xopsg (51059008 1081 0) + k42, k+25k+2

n
+

k5 * Xokesz (S10Sge-- Sy a8, 4) # k43, k+25k+2

Sn-1% Xon-3 (81+59.---.8, 3.8, o)
Sn * Xon-g (51:59.---.5, 3.5, )

where the c’s are constants .

Because we can work backwards from this point in the proof, we have

that XO can be represented as in equation (34) and X1 = asa ,
n—-1
Xy = 35 if and only if conditions 1) and 2) in the statement of the
n-2

theorem hold.

Next we define the desired y coordinates. Let

93—




(dyl.X0>

Yo © onyl

¥y = Lx0y2 = (dy2.X0>

(35) Yp = LX Yp -1 = <dyei_1.X0>
1 01
yel+1 = Ske2
y = y = dy X\
81+2 LXO 81+1 81+l 0
y = y = {dy X 0
e1+3 LXO 81+2 el+2 0

yn = LXOyn—1= <dyn—l'xO>

It is shown in [HSM] that this coordinate change is nonsingular.

The result of this coordinate change on the vector field Xo is
d d d
Yy 53— + Yo 55—+ ... + Y, _ + y —— +
on 1 8y, on 2 &y, LX e,-1 aye1 Lx e ye1
a a _ad
y —+ y —_—+ ...+ vy _ +
%, e+1 e Ix, Ve +2 e 2 %, n-1 ay 7 Ty T
K a a [é]
Y2 5y * Y3 5y * Y, 3, | * Lx Yo, 7oy, °*
1 2 1 2
1 1
(36)
‘ a
yel+2_6__ ye+36y6 + ... +y 3 +LX ynay
e +1 242 'n y -1

From the form of XO in (33) and (34) and the definition of the y

coordinates (35), we must have
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0]
dy..X.> = <y.. |9 =0, 1z
Y87 = 89y o 1
0
1
Oc
o
0
dy, .X,> = dy, .|*|> =1,
s | e.' 1|
1 1 5
1
0,
o]
0 .
(37) (dyi.X2> = <dyi. S >=0, 1i# el.n
0
0
1]
bW
{dy, .X,> = {dy, . Q > =d, a constant
4 2 8 .
1 1 |z
0
0
1]
o
<y . Xp> = <y, oD =1
0
0
1)

To see this we show the terms from (33) and (35) involving only the
pertinent higher subscripted linear Sy (and we let c denote appropriate

constants from (34) and c¢ can change as needed);

Y1 =51

y2=ny1 =52+...
0

Y3 = Ly ¥ = s3*.
0




.
L)

Yk = onyk—l =Sk e

Ype1 = onyk =

n
+
¢
n
+

Ypeo = onyk+1 = Spe3 T C Spagte--

ye, = I"Xoy81—1 =Sp1 ¢t Syt = Sn-1 ¥ dsn *o.
ye1+1 = Sk+2

Yy _ y =S

81+2 = I"Xo 81+1 k+4 + ...

y _ y _

Bl+3 = LXO 81+2 =S e

Y, = ony 1 = st

Hence in the y coordinates X, and X. become

1 2
0 0
N ;
0 0
1 0
0 1

-Tespectively. We assume that equation (29) is now in our y coordinates.

. x du du
Replacing f [on ye1 W + LX Y ayD ] by
1

f in (29) and letting YO be the vector field defined by (36) (with

du aJ . .
[Lx Ve 3y and Lx Y, 3y omltted}, we have equation (9)
0 1 81 0 n
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We remark that Theorem 3.1 is an application to partial differential
equations of multi~-input extensions of the work of Brockett [B] on

nonlinear control systems of ordinary differential equations.

IV Other Considerations

Suppose that our hypoelliptic partial differential equation (5)

S AL L3 B.(x) 2+ c(x)u = £
j.k=1 jk axjaxk j=1 j axj -
is elliptic with (Ajk(x)) being positive definite. Referring to the
notation used in Theorem 3.1 m=n, 81 = 82 = ... = en = 1, and
W= {Xl'x2"""xn}' If the hypotheses of that theorem are assumed, then
we can use feedback to eliminate all first order derivatives (as well as
C(x)u). Hence we obtain a second order constant coefficient equation
involving no first order or constant terms.

We have considered the possible feedback of first order spatial
derivatives of the solution in the directions of the vector fields whose
squares contain the principal part of the operator. If time t is added
as in equation (4), then we could also consider the possible feedback of
the first order time derivative of u to change damping properties.

In practical applications, a physical system modeled by a partial
differential equation (or system of partial differential equations) has
sensor and control actuators that act at a finite number of points on the
system. This leads to the application of finite element (or finite
difference) methods for control, as is well noted in the literature.

Perhaps simplifying the partial differential equations as in this paper can

lead to an easier finite element approach.
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A recent paper by Juang and Horta [JH] on the control of a cantilever
beam uses a finite element method so that a finite number of shape
functions are to be controlled. Interestingly, strain gauges are used as
sensors, and this information is fed back in the control action. The
strain gauges are essentially applied to allow for computations of second
order spatial derivatives. Since the beam equation is fourth order., this
feedback does not disrupt the principal symbol of the partial differential
equation.

We have considered second order partial differential equations, but
higher even ordered equations are of interest since the hypoellipticity
theory has moved in that direction.

H;rmander [H] shows that the loss of hypoellipticity can lead to
discontinuous solutions by a simple application of the Frobenius theorem.
The book on nonlinear elastic deformations by Ogden [O] refers to papers by
Knowles and Sternberg [KS1], [KS2] in which the loss of ellipticity implies
the emergence of discontinuous sclutions. It would be interesting to
compare these mathematical and physical phenomena, particularly from a

geometric viewpoint.
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